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INTRODUCTION

RESONATING VALENCE BOND (RVB) STATES

« INTRODUCED BY LINUS PAULING IN 1938

« P.W.ANDERSON, IN 1973, INTRODUCED RVB IN CONDENSED MATTER
PHYSICS TO EXPLAIN MOTT INSULATORS

 RVB STATES WERE RELATED TO HIGH TEMPERATURE
SUPERCONDUCTIVITY

« POSSIBLE USE IN TOPOLOGICAL QUANTUM COMPUTATION?

LAY, Kitaev, “Fault-tolerant quantum computation by anyons ”. Ann. Phys., Lpz. 303, 2 (2003)
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INTRODUCTION

RVB STATES USING BIPARTITE LATTICE
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INTRODUCTION

RVB STATES USING BIPARTITE LATTICE

|
&
1T La
T | &
dPp
%) ‘!'

RVB BIPARTITE LATTICE SUBLATTICE : A ‘ B ‘

21/12/ 2011 ISCQl 2011



INTRODUCTION

THE RVB STATE

|(ay,bq)) s .
NEAREST NEIGHBOUR 1
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ONE POSSIBLE COMBINATION
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INTRODUCTION
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RESONATING VALENCE BOND LADDERS

INTERESTS
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RESONATING VALENCE BOND LADDERS

INTERESTS
RUNG I/'-\‘
] \ '@ - —— I
‘;"“-, 9 —0—0@ -0 FOUR LEGGED
Y LADDER
AQO—0—0—0- 9>
AN P2 S—

] Y ¢ O PSEUDO TWO
OO0 -0
5T . GEOMETRY

£O0—0@0—"0—O0O-0> —

POSSIBLE GROUND STATES OF THE ANTIFERROMAGNETIC HEISENBERG MODEL

EVEN LEGGED LADDERS RELATED TO HIGH — T, SUPERCONDUCTIVITY

BIPARTITEAND MULTIPARTITE ENTANGLEMENT PROPERTIES IN RVB
LADDER SYSTEMS HAVE INTERESTING PROPERTIES DEPENDENT ON
GEOMETRY
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RESONATING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

1 2 3

——>

|(ay, by))|(az, by))|(as, bs))

2 X 3 LADDER

(NON PERIODIC BOUNDARY
CONDITION)
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RESONATING VALENCE BOND LADDERS

OBTAINING THE RVB STATE
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(NON PERIODIC BOUNDARY 1 2 3
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RESONATING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

1 2 3

——>

|(ay,bq))(as, b)) (asz, bs))
2 X 3 LADDER
(NON PERIODIC BOUNDARY l

CONDITION) I ,I I

|(ay, by))|(az, by))|(as, bs))

>

|(ay, by))|(az, bs))|(as, by))
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RESONATING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

1

1 2

1Y) = |[(ay, by))(az, by))|(as, bs))
+ |(ay, by))l(ay, by))|(ag, bs))
+ [(ay,by))|(ay, b3))|(as, by))

In the computational basis: Each
term In the superposition has 8

3
terms. Total of 24 terms. ‘

‘ _ <1, D;))|(az, by))|(as, b3))

|(ay, by))|(az, bs))|(as, by))
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RESONA

ING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

21/12/ 2011

2 3 4
5 terms in the superposition,
with 16 terms in each.
TOTAL=80 terms.
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RESONA

ING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

2 3 4

5 terms in the superposition,
with 16 terms in each.
TOTAL=80 terms.

8 terms in the

superposition, with 32
terms in each. TOTAL =

‘ ‘ 256 terms.
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RESONATING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

4

5 terms in the superposition,

with 16 terms in each.
TOTAL=80 terms.

8 terms in the
superposition, with 32
terms in each. TOTAL =

256 terms.

6 1lltermsinthe

superposition,
with 64 terms
in each. TOTAL
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RESONATING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

1 2 3 4

e superposition,

As we increase size

The terms in the computational

basis become t00 large to
handle

rms in the
superposition,
with 64 terms
in each. TOTAL
=704 terms.
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RESONATING VALENCE BOND LADDERS

OBTAINING THE RVB STATE

1 2 3 4

e superposition,

As we increase size

The terms in the computational

basis become t00 large to
handle

Using periodic boundary
conditions the terms become

too too large!l!

rms in the
superposition,
with 64 terms
in each. TOTAL
=704 terms.
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DENSITY MATRIX RECURSION METHOD?

USING DMRM TO CALCULATE RVB LADDER STATES

RECURSIVE METHOD TO CALCULATE THE RVB STATE FOR LARGE
EVEN RUNG LADDER FROM SMALLER UNITS

CALCULATIONS CAN BE EXTENDED TO LARGE NUMBER OF
RUNGS

ENABLES ANALYTICAL EXPRESSIONS TO COMPUTE BIPARTITE
AND MULTIPARTITE ENTANGLEMENT FOR LARGE LADDERS.

CAN BE USED TO CALCULATE OTHER FORMS OF CORRELATIONS

1H. S. Dhar, A. Sen (De) and U. Sen, Density Matrix Recursion Method: Genuine Multisite Entanglement Distinguishes
Odd from Even Quantum Heisenberg Ladders, arXiv:1110.3646v1 [quant-ph] (2011).
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DENSITY MATRIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

Ll

[2)12

BASIC BLOCK
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DENSITY MATRIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

1 2 3 4

 —0 OBTAINING A NON

PERIODIC 4 RUNG
+ LADDER FROM 2
AND 3 RUNG

\ [ ‘_‘ LADDER

[2)12 [27)34

BASIC BLOCK ADDITIONAL
BLOCK
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DENSI

Y MA

RIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

2

[2)12

BASIC BLOCK
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s 3 . 4
OBTAINING ANON
®  —@ reRIODIC4RUNG
' ' LADDER FROM 2
2)as AND 3 RUNG
ADDITIONAL LADDER
+ BLOCK
3
+
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DENSITY MATRIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

1 2 3 .
+
OBTAINING A NON
H PERIODIC 4 RUNG
| J ' ' LADDER FROM 2
12)1, 2'), AND 3 RUNG
BASIC BLOCK ADDITIONAL LADDER
+ BLOCK
1 2 3

14)1.4= 13)1.3|1)4 +12)12|2")34
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DENSI

Y MA

RIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

USING PERIODIC BOUNDARY CONDITIONS:
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DENSI

Y MATRIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

USING PERIODIC BOUNDARY CONDITIONS:

° °

® ®
N~

-

14)% 4 = 13)13| 0+ 12)1212 )34 +12)2312 )14
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DENSITY MA

RIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

GENERALIZING FOR MULTI-LEG PERIODIC

LADDER :
N
—>
<- O—@—0O—@ --O-
-- O—@—0O - @
M i@, 5
| | | | |
v
\ ) n
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DENSITY MATRIX RECURSION METHOD

USING DMRM TO CALCULATE RVB STATES

GENERALIZING FOR MULTI-LEG PERIODIC
LADDER :

p—

IN +2)1 yi2 = IN)NI2)Nians2 T IN + 1q vi1 | Dysz
EVEN LEG _|

IN+2) v = IN+2) 1 vi2 FIN) 2 Nvi112)ni21

—

ODD LEG { IN+2)] vio = IN) N2 nianez T IN) 2 n+112)N421
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CALCULA

ING EN

ANGLEMEN

CONVENTIONAL APPROACH
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CALCULATING ENTANGLEMEN

CONVENTIONAL APPROACH

FOR BIPARTITE
ENTANGLEMENT:

TRACE OUT ALL
BUT ANY TWO
SITES FROM THE
DENSITY MATRIX
OF THE RVB
LADDER

OBTAIN THE TWO-
SITE REDUCED
DENSITY MATRIX
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CALCULATING ENTANGLEMEN

CONVENTIONAL APPROACH

FOR BIPARTITE
ENTANGLEMENT:

TWO SITE DENSITY
MATRIX IS
ROTATIONALLY
INVARIANT

P12 = Triz [NXN|
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CALCULATING ENTANGLEMEN

CONVENTIONAL APPROACH

FOR BIPARTITE
ENTANGLEMENT:

TWO SITE DENSITY
MATRIX IS
ROTATIONALLY
INVARIANT

P12 = Triz [NXN|

HENCE WERNER
STATE

O<_‘_._O+Plz(ﬂ) = P|(‘-’1ub;)) (a; b;

""""" WERNER
PARAMETER CAN
BE USED TO
CALCULATE
ENTANGLEMENT
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CALCULA

ING EN

ANGLEMEN

CONVENTIONAL APPROACH

FOR BIPARTITE
_ _Q____ ENTANGLEMENT:

TWO SITE DENSITY

MATRIX IS
) - ->  ROTATIONALLY

INVARIANT
P12 = Triz [N)(N|

- "~ HENCE WERNER
STATE

1-—

| | 1
,/ \\ p
-{Z-O<_‘_‘;_O+912(P) = p|(aiﬁbj))<(ai:bj)| + 4 I,

------- WERNER
-1/, <p <1 >~ 1/ ENTANGLED PARAMETER CAN
/3 =P < P>"/3 BE USED TO
CALCULATE
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CALCULATING ENTANGLEMEN

CONVENTIONAL APPROACH

FOR MULTIPARTITE
ENTANGLEMENT:

FIND THE 2-SITE, 3-
SITE, 4- SITE ....N/2
SITE REDUCED
DENSITY MATRIX.

APPLY THE
GENERALIZED
GEOMETRIC
MEASURE (GGM)

e(|py)) =1 -max{A; ;JAUB={1,2,..,N},AnB = 0}
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CALCULATING ENTANGLEMEN

CONVENTIONAL APPROACH

-

-——
~~~~~
~

————————————
,,,,,,
U

R MULTIPARTITE
GLEMENT:

ITE, 3-
..N/2

COMPUTATION OF REDUCED
DENSITY MATRIX IS NOT
TANGIBLE DUE TO THE
LARGE DENSITY MATRIX.

(GGM)

-~
~ o
-~-

~
-------

£(|opy)) =1 -—max{A;z/AUB=1{1,2,..,N},ANB = 0}
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CALCULATING ENTANGLEMENT

USING DENSITY MATRIX
RECURSION METHOD

H. S. Dhar, A. Sen (De) and U. Sen, Density Matrix Recursion Method: Genuine Multisite Entanglement Distinguishes
Odd from Even Quantum Heisenberg Ladders, arXiv:1110.3646v1 [quant-ph] (2011).
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

IN +2)1 yi2 = ININI2VNvsani2 T IN+ 1)1 v D ns2

EVEN LEG _ .
r
IN+2), vio = IN+2)1 ni2 T IN)2an+112)N421

RECALL —

ODD LEG { IN+2)} v = IN N2 nsiniz + IN)2ns1]2)Ni21
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CALCULATING ENTANGLEMENT

USING DENSITY MATRIX RECURSION METHOD

RECALL

DENSITY
MATRIX

21/12/ 2011

EVEN LEG _

—

IN +2)1 yi2 = ININI2VNvsani2 T IN+ 1)1 v D ns2

IN+2) v, = IN+2) vi2 FIN)2vi112)Ns21

ODD LEG { IN+2)} v = IN N2 nsiniz + IN)2ns1]2)Ni21

EVEN LEG _J

Py, = IN+2)N+2|,

—

=|N+ 2N+ 2|+ [N + 2)(N|;n+1(2"|n+21
+ |N)an+112) 1 n42(N + 2|
+ INXN|2n+112 42" [y121

ODD LEG {sz N+ 2)(N + 2|,
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

TWO RUNG REDUCED DENSITY MATRIX

- o o - - -

- @—0O—@—0—+@ - O
~O—0—O0—0+0- 0

_________
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

TWO RUNG REDUCED DENSITY MATRIX

<€- )\

O
O

- e e e oml -,

:

—O—0
\ \
—

TRACE OUT SOLVABLE

O -9—0

-
\
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

TWO RUNG REDUCED DENSITY MATRIX

—  tryy(IN+ 2N +2|)
= trl..N“N)(NHZ)(Z IN+1N+2
+ [N = 1N = 1 [|12'W2 |y 11| (| s2
+ (IN2)yi1nv+2(N — 12" |y y+1€(2 | y+2
Pﬁzl,mz + h.c.)]

EVENLEG — = Zy|2)(2 |ysan+2 T Zy-1P N+1® 1) (1 y42
p2 T U2)nvs1n+2(ENnIN+1 (N2 + hoc.)
N+1,N+2
—_ ,(2)
= Pni1N+2

+ trl..N“N)(le,N+1|2f><2f|1,h'+2
+ (IN)2n+112)1n+2(N + 2| + h.c.)]

— .(2) (2) (2)
— = Pniin+2 T ﬁN+1,N+2 + (},N+1,N+2 +h.c.)
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CALCULATING ENTANGLEMENT

USING DENSITY MATRIX RECURSION METHOD

TWO RUNG REDUCED DENSITY MATRIX

QUANTITIES CAN BE | !1*
cvEN LEs CALCULATED USING [,
ITERATIONS

IN+1N+2 | PN+1N+2 NtiN+2 T h.c.)
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

Zy = (NIN) = AZy_1 +BZy 9+ 20Yy_y + ?Dyi’_ 1I

A=(1[1) and B= (22)
(1]2) = C\l)Jr_DH) and (1]2) =C|1) + D|1)
EN-1lns1 = 2lpns1 NV = 2o 02N = )2,

And,  Bypiinee) = 2nsnnsa(lnsr(En|nss
‘2>n—|—l,n-|—2<@J'\-’|n+l,n—l-2 T ﬁﬂ:—l—l ® |1>ﬂ+2<§.s\-"—l|n-l-2
j§1>-n+1_\1>n+2(1\n+1<'f?,.-x-'—1|n+2, where (On|n+1,n+2
@ l,n—|—2<2|n,n—|—l <J\"f - Q‘E,H—lﬁgﬁ <"’3’,-'k-"—1‘-n+2 o

<2 1,n—|—2<-Nﬂ_1‘2,?1«*’\{_1>l,-n—l‘1>ng and ./-1 = <1|1> = <l|1>

N+ +

H. S. Dhar, A. Sen (De) and U. Sen, Density Matrix Recursion Method: Genuine Multisite Entanglement Distinguishes
Odd from Even Quantum Heisenberg Ladders, arXiv:1110.3646v1 [quant-ph] (2011).
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

= AN A7 | - .-

ITERATIONS
COMPLICATED BUT
Ar NOT DIFFICULT TO
COMPUTE

SIS )

—1
— I+ —+

T
2
]
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

ITERATIONS COMPLICATED BUT NOT
DIFFICULT TO COMPUTE

AS LONG AS THE BASIC
Al UNITS CAN BE

2 CALCULATED.
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

-'4: JZT': B: c? é: D: 25? Zl? yll‘ and y12

specifically, for M = 2, the relevant initial parameters
are20:1,21:2,,4:2&:2,6’:1:@:0?@:0;
D=0, )1 =2 and J* = 0. For M = 4, the initial
parameters aeZg=12 =4, A=4 A=2(=5

D=1(=2D= 3y1 4 and J? =2, A simila

21/12/ 2011 ISCQl 2011
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CALCULATING ENTANGLEMENT
USING DENSITY MATRIX RECURSION METHOD

ADVANTAGES:

CAN BE USED TO CALCULATE LONG MULTI- LEG
LADDERS

CAN BE EXTENDED TO MULTI-LEG LADDERS AS LONG
AS BASIC UNIT IS TRACTABLE

CONVENIENTLY MEASURES MULTISITE REDUCED
DENSITY MATRIX.

21/12/ 2011 ISCQl 2011 48



ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
BIPARTITE ENTANGLEMENT

B ! o ! ‘
07F o _RUNG $ 0.55] b= RAI
g
0.65 0~ 1 05F i
/
0.6 . B _
0.45 e
.
0.55(;:\\ / — \\\\
~o // 0.4 )
L \‘Q | | | |
6 8 10 12 14 6 10 12 14
N N

A. Chandran, D. Kaszlikowski, A.Sen De, U. Sen, and V. Vedral, Phys. Rev. Lett. 99, 170502 (2007).

H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
BIPARTITE ENTANGLEMENT

B ‘ ‘ ‘ ‘ ‘ D.. ‘ ‘ ‘ ! ‘
07— RUNG 8 0.55] o o RAI
- | | ~
’,o/ ~°\\
0.65 o= 1 05} \\ i
/ \\
// \\
- / —
06 y 0.45| ‘o .
/ I \\\
/ oo
0.55(;:\ / - \\\
RN / 0.4 T
i \‘Q/ | | x x x
6 8 10 12 14 6 8 10 12 14
N N

Results contrast the
analytical results obtained for
an isotropic 2D or 3D RVB
bipartite lattice.

A. Chandran, D. Kaszlikowski, A.Sen De, U. Sen, and V. Vedral, Phys. Rev. Lett. 99, 170502 (2007).
H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
MULTIPARTITE ENTANGLEMENT

035 | | o
® GGM
[\
AN
\N
03 N .
AN
1O
N
S
N
0.25f \\o\ -
. -
\&\
| | | \\o
0.2 3 10 12 14
N

A. Chandran, D. Kaszlikowski, A.Sen De, U. Sen, and V. Vedral, Phys. Rev. Lett. 99, 170502 (2007).
H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
MULTIPARTITE ENTANGLEMENT

035 | | o

® GGM
RS
AN
03| \\ ] RESULTS ARE AGAIN
5 _ | IN CONTRAST TO
\\ THE ISOTROPIC RVB
0.25 Yos 2 STATE
\\&\
! | ! | ! | \\O
0.2 3 10 12 14
N

A. Chandran, D. Kaszlikowski, A.Sen De, U. Sen, and V. Vedral, Phys. Rev. Lett. 99, 170502 (2007).
H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
MULTIPARTITE ENTANGLEMENT

‘ ‘ /

0.35f
"
: A CHANGE IN GEOMETRY

CHANGES THE QUALITATIVE

BEHAVIOR OF
ENTANGLEMENT

A. Chandran, D. Kaszlikowski, A.Sen De, U. Sen, and V. Vedral, Phys. Rev. Lett. 99, 170502 (2007).
H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
ANALYTICAL BOUNDS

Monogamy bound

H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
ANALYTICAL BOUNDS

Monogamy bound

Asymmetric quantum cloning < 0
parameter

H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS

ANALYTICAL BOUNDS

-02 00 02 04 06 08 1.0
Ps

Bound on p-rung and p-rail

H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).

21/12/ 2011 ISCQl 2011

56



ENTANGLEMENT PROPERTIES OF TWO-LEG

RVB LADDERS
ANALYTICAL BOUNDS

THE CHANGE IN BEHAVIOR
OF THE ENTANGLEMENT
CAN BE UNDERSTOOD USING
SIMPLE QIT PRINCIPLES

H. S. Dhar and A. Sen De, J. Phys. A: Math. Theor. 44 465302 (2011).
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ENTANGLEMENT PROPERTIES OF MULTI-LEG
RVB LADDERS
USING DENSITY MATRIX RECURSION METHOD

DMRM

An analytical iterative technique to obtain the reduced density matrix of an
arbitrary number of sites of a quantum spin-1/2 Heisenberg Ladder with an

arbitrary number of legs and with both open and periodic boundary conditions.

N +2) =

N+ 1D)[Dns2 +
N)

-*\#> §> n+1.n+2

2>n—|—l.n—|—2 + |v\: — 1> |§>n.n—|—l |1>-n—|—2

(2) _
pP[n~—l.n—|—2] _ trl--”(

N + 2 (N +2|p)

2 2 - P — =
nggwrl__n_g} — ﬂilll_n_w + trl..n[ N ><#\ |{2.n—|—l] |2><2|{1,n~—2}

+ (IM2,n+1|2)1 n2(N + 2| + h.c.)]

H. S. Dhar, A. Sen (De) and U. Sen, Density Matrix Recursion Method: Genuine Multisite Entanglement
Distinguishes Odd from Even Quantum Heisenberg Ladders, arXiv:1110.3646v1 [quant-ph] (2011).

21/12/ 2011 ISCQl 2011 58



ENTANGLEMENT PROPERTIES OF MULTI-LEG

RVB LADDERS
USING DENSITY MATRIX RECURSION METHOD
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RVB LADDERS
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MULTIPARTITE ENTANGLEMENT IS ABLE TO
DISTINGUISH EVEN FROM ODD HEISENBERG
LADDERS (RVB LADDERS)
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SYSTEM SIZE AS BIG AS 72 SPINS FOR EVEN AND
90 SPINS FOR ODD CAN BE EXACTLY
CALCULATED USING DMRM.
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MULTISITE REDUCED DENSITY MATRIX CAN BE
CONVENIENTLY CALCULATED
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IN CONCLUSION

RVB LADDERS STATES HAVE INTERESTING PROPERTIES

THE BIPARTITE AND MULTIPARTITE ENTANGLEMENT IS DEPENDENT ON
THE GEOMETRY OF THE LADDER

EXACT SOLUTIONS OF RVB STATES ARE DIFFICULT

USING A RECURSION TECHNIQUE LIKE DMRM ONE CAN REDUCE THE
CALCULATION OF REDUCED DENSITY MATRICES TO ANALYTICAL FORMS

CAN BE USED TO CALCULATE LARGE SYSTEMS FOR MULTISITE
CORRELATIONS
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